We consider minimally supersymmetric Yang-Mills theory with a Chern-Simons term on a flat spatial two-torus. The Witten index may be computed in the weak coupling limit, where the ground state wave-functions localize on the moduli space of flat gauge connections. We perform such computations by considering this moduli space as an orbifold of a certain flat complex torus. Our results agree with those obtained previously by instead considering the moduli space as a complex projective space. An advantage of the present method is that it allows for a more straightforward determination of the discrete electric 't Hooft fluxes of the ground states in theories with non-simply connected gauge groups. A consistency check is provided by the invariance of the results under the mapping class group of a (Euclidean) three-torus. 
Introduction
In three space-time dimensions, the usual Yang-Mills action for a gauge field A with coupling constant e S YM = 1 4e 2 Tr (F ∧ * F ) (1.1) may be complemented by a Chern-Simons term at level k [1]
For a connected gauge group G, invariance under 'large' gauge transformations with a non-trivial space-time winding number valued in π 3 (G) = Z imposes a quantization condition on k: For a simply connected gauge group we must have k = 0 mod Z. For a gauge group of adjoint form, i.e. G =Ĝ/C whereĜ is the simply connected covering group of G and C is the center subgroup ofĜ, the condition is k = 0 mod hZ with h denoting the dual Coxeter number of G.
2
These models allow for a minimally supersymmetric extension by adding terms
where the fermionic field λ is a Majorana spinor in the adjoint representation of G.
Integrating out λ gives back the bosonic model, but with the Chern-Simons level shifted [2] [3] to
It is this shifted level k that must obey the above quantization conditions, so in terms of the original level k we must have k = h/2 mod Z or k = h/2 mod hZ (1.5)
for G simply connected or of adjoint form respectively. The Riemannian structure together with the orientation induces a complex structure on two-dimensional space. In this paper, we will consider the case when space is a flat two-torus T 2 , which we represent as
for some rank two lattice Γ ⊂ C. The size of T 2 can be absorbed in a rescaling of the coupling constant e (of mass dimension 1 2 ), so only the complex structure matters.
1 This is possible because all fields transform in the adjoint representation ofĜ and thus are invariant under C. Intermediate cases, in whichĜ is divided by a proper subgroup of its center C, are also possible. 2 For simplicity and clarity, we will be mostly concerned with the casesĜ = SU(n) with center C Z/nZ, dual Coxeter number h = n, and Tr denoting the trace in the fundamental representation. These cases are in a certain sense the most interesting, but in principle we foresee no difficulties in generalizing to other groups. 3 Here we assume that k > 0. See [4] for a discussion of negative levels.
We thus take Γ to be generated by 1 and a modular parameter τ in the complex upper half-plane. The supercharges Q + and Q − , where the subscript indicates the chirality in two-dimensional space, are each others Hermitian conjugates and obey the supersymmetry algebra
Here P z and Pz are the holomorphic and anti-holomorphic components of the spatial momentum, and H is the Hamiltonian. As usual, the H = 0 ground states are precisely the states annihilated by Q + and Q − , and the graded dimension I G k of the space of such states is independent of the coupling constant e [5] . For a gauge group of adjoint form G =Ĝ/C there is a possible refinement: First of all, one may consider topologically non-trivial gauge bundles over the spatial T 2 . These are classified by their discrete magnetic 't Hooft flux [6] 
(1.8)
We may also consider the behavior of the ground states under gauge transformations with non-trivial winding around the two cycles of T 2 . Such winding is described by an element of Hom(π 1 (T 2 ), C), and the ground states may be classified by their transformation properties under this group, i.e. by a discrete electric 't Hooft flux
(1.9)
Here we have used the canonical isomorphism [7] C C * ≡ Hom(C, U (1) 
( 
where F is the fermion number operator, and T (m 23 , m 31 ) is the operator that twists with large gauge transformations parametrized by m 23 and m 31 in the 1-and 2-directions of T 2 respectively. In the weak coupling limit e → 0, the magnetic contribution to the energy density means that the wave-functionals of such ground states localize on the finite-dimensional moduli space M of gauge fields A (modulo gauge transformations) for which the spatial components of the curvature F vanishes. 4 An elegant computation of the number of ground states I G k for a simply connected gauge group 5 G was described in [4] : This was based on the fact that the moduli space M of flat connections, which inherits a complex structure from T 2 , is isomorphic as a complex manifold to a weighted projective space [8] 4 It is convenient to work in temporal gauge, where the time component A 0 of the gauge field is put to zero, and describe the bosonic part of the state by a wave-functional of the spatial components of A.
5 Equivalently one can work with a gauge group G =Ĝ/C of adjoint form by taking m 12 = 0 and summing the contributions for all values of (e 1 , e 2 ) ∈ C × C as in (1.13). 6 Here O(k ) is the k power of the tautological line bundle O(1) over the projective space M. The vanishing of the higher cohomology groups
homogeneous polynomials of weighted degree k in the homogenous coordinates of M, and the dimension is thus readily computed. E.g. in the case ofĜ = SU(n) we have r = n − 1 and s 1 = . . . = s r = 1, so the moduli space is then an ordinary projective space M = CP n−1 and the dimension of the space of ground states is
In particular, for k = 0 there is a unique ground state, and in [7] it was argued that this (when interpreted in the theory with gauge group G =Ĝ/C = SU(n)/Z n of adjoint type) has trivial electric 't Hooft flux (e 1 , e 2 ) = (0, 0) (and of course trivial magnetic 't Hooft flux m 12 = 0). In this paper, we will reanalyze this problem in a more pedestrian way by instead regarding the moduli space as a discrete quotient of the complex torus
Here V is the root space and Λ ⊂ V is the root lattice of G, so
is a maximal torus of G. In the next section, we will define a certain holomorphic line-bundle L k over X and describe the corresponding space of holomorphic sections
The Weyl group W acts on this space, and the space of ground states is given by the W -invariant subspace
It is not immediately obvious that this method reproduces e.g. the result (1.17), but we confirm it explicitly in section three for the cases with gauge group SU(2) or SU(3). We also determine the spectrum of 't Hooft fluxes in the theories with gauge group SU(2)/Z 2 and SU(3)/Z 3 when k = 0 mod 2 and k = 0 mod 3 respectively. E.g the spectrum of 't Hooft fluxes seems more difficult to obtain in a computation based on regarding M as a projective space than in the present approach where M is regarded as an orbifold. Hopefully, this viewpoint will be useful in future studies of these models. In particular, I plan to use it to study the spectrum of positive energy states, to begin with in the weak coupling limit (or equivalently small torus) limit, but later also in perturbation theory.
I recently became aware of the references [11] , which have some overlap with the present work.
The spectrum of ground states
A flat connection A on a principal G-bundle over T 2 is determined by its two commuting holonomies around a basis of one-cycles. By a gauge transformation, which acts by simultaneous conjugation by an element of G, we may take the holonomies to be elements of the maximal torus (1.20). The remaining gauge transformations amount to the Weyl group W of G acting by linear transformations on V preserving Λ.
The two holonomies may be combined to an element Z of the complex torus
We can think of Z as a constant gauge field over T 2 with values in V , and this is the only part of A that is relevant at low energies. Similarly, we need only consider the spatially constant V -valued modes η + and η − of the spinor field λ. 7 The low-energy action thus reads
where the raised dot denotes evaluation of the Cartan matrix 8 C of G on two Vvalued quantities. Note that the Chern-Simons level has been shifted from k to k as described in the introduction (although we have only integrated out the massive fermionic modes). The low-energy supercharges are
To understand the action of Q + and Q − on the Hilbert space of the theory, we begin by determining the momentaΠ and Π conjugate to Z andZ:
These momenta act on a wave-function Ψ(Z,Z) as i ∂ ∂Z and i
∂ ∂Z
respectively, so the supercharges can be rewritten as
25)
7 Along certain divisors of X, some non-abelian gauge symmetry remains unbroken and there are further low-energy degrees of freedom. The dynamics of these is described by the dimensionally reduced theory, i.e. by supersymmetric quantum mechanics with three supercharges. However, it is believed that the latter system does not have any bound state at threshold [12] , so this symmetry restoration will not affect our counting of ground states.
8 This is the restriction to V of the invariant form Tr on the Lie algebra of G.
where the holomorphic and anti-holomorphic covariant derivatives are given by
Since the holomorphic covariant derivatives commute with each other, they define a holomorphic line-bundle L k over the complex torus X. The curvature of this line bundle is constant over X and given by
The normalization of ω is such that it defines an element of H 2 (X, Z), whereas all smaller multiples of it would only give a real cohomology class. For a more extensive description of such holomorphic line bundles over complex tori, see e.g. [13] .
The canonical anti-commutation relations of the fermionic degrees of freedom define a Clifford algebra
with C again being the Cartan matrix of G. This can be represented on a 2 rdimensional space, constructed by acting with the components of η + on a Weyl invariant state |Ω − annihilated by all components of η − . In fact, the ground states of the theory will be of the form
with some wave-function Ψ(Z,Z). Such a state is automatically annihilated by Q + , and the requirement that it be annihilated also by Q − amounts to the holomorphicity condition
The Riemann-Roch theorem gives the dimension of the space of such holomorphic sections of the line bundle L k over the flat manifold X as
where r is the rank of G and c is the determinant of the Cartan matrix. We have
where the weight lattice Λ * is the dual of the root lattice Λ of G. 9 In the last line we have used that the quotient group Λ * /Λ is isomorphic to the center subgroup C of G. For the case of G = SU(n) we have c = n.
It is convenient to change to a holomorphic trivialization of L k by writing
In terms of ψ, the holomorphicity condition (2.31) simply amounts to
To obtain an explicit description of the space of holomorphic sections H 0 (X, L k ), we consider the pullback by the projection map
This takes an element of H 0 (X, L k ) to a holomorphic function ψ on C ⊗ V that obeys the quasi-periodicity conditions
for arbitrary elements α and β of the root lattice Λ. The Chern class k [ω] is reflected in the second term in the exponential prefactor. In this trivialization, the transition functions are thus holomorphic. In terms of Ψ, the transformation law reads
so in the original trivialization the transition functions are instead U (1)-valued. However, since X is non-simply connected, a holomorphic line bundle is determined by its curvature only up to translation (by an element of the torus X itself via its abelian group structure). What makes L k distinguished among its translates is its symmetry properties: The above transformation law is clearly covariant under the Weyl group W (acting on the roots α, β and the variable Z in the natural way).
It is also covariant under the SL 2 (Z) mapping class group of T 2 . 10 Indeed, SL 2 (Z) is generated by the two transformations
Given a ψ transforming as above, we define functions ψ S and ψ T with the same transformation properties by
where we have explicitly indicated also the dependence on τ .
Another important symmetry property of the line bundle L k is that it is invariant under translations by δ + τ for arbitrary elements δ, ∈ 1 k Λ * /Λ. Indeed, given a function ψ transforming as above, we may define a translated function T δ+ τ ψ by
with the same transformation properties. This is well-defined only up to the ambigious sign: Shifting δ → δ + α and → + β with α, β ∈ Λ multiplies the right hand side by the sign exp (iπk (α · − β · δ)). Also, it should be noted that these translation operators in general do not commute, but only fulfill the Heisenberg algebra
The translations operators T τ (i.e. with δ = 0) are convenient for constructing a basis of
The Weyl group W acts on the basis elements T τ ψ by permutation, and 1 k Λ * /Λ is thus partitioned into a disjoint union of Weyl orbits E s :
10 This may be compared with e.g. the transformation law θ(τ |z + a + bτ ) = exp(−iπτ b 2 − 2πibz)θ(τ |z) for a, b ∈ Z of the Jacobi theta function θ(τ |z), which is not invariant under SL 2 (Z). The difference is that the β · β is an even integer for all roots β. Indeed, the square of the Jacobi theta function is a section of an SL 2 (Z) invariant line bundle over T 2 .
The dimension of the Weyl invariant subspace of H inv ⊂ H 0 (X, L k ) equals the cardinality of the set S of orbits. Indeed, for each s ∈ S we can construct a Weyl invariant function
But it is not quite obvious that this dimension agrees with the results described in the introduction, e.g. the formula (1.17) in the case ofĜ = SU(n). In the next section, we will verify this forĜ = SU(2) andĜ = SU(3), but a more general understanding would be desirable. In the case that k = 0 mod hZ, so that the theory with an adjoint type gauge group is defined, the smaller set of translation operators T µ+ντ for µ, ν ∈ Λ * /Λ are of particular interest. There is then a canonical choice of signs in (2.41):
(2.47) Shifting µ → µ + α and ν → ν + β with α, β ∈ Λ now leaves the right hand side invariant, so the definition is unambigious. The prefactor may seem ad hoc, but is in fact determined by SL 2 (Z) covariance as will become apparent later. These operators obey the commuting algebra
The transformation properties of a physical state under this commuting translations group determine the electric 't Hooft flux (e 1 , e 2 ) ∈ C × C. Indeed, acting with the translation operator T µ+ντ on the basis element T τ ψ gives another basis element multiplied by a phase factor:
The phase factor determines e 1 , and states of definite e 2 are obtained by taking appropriate linear combinations of the states T (ν+ )τ ψ for ν ∈ Λ * /Λ.
The case ofĜ = SU(n)
For any simply connected gauge groupĜ, the case k = 0 is somewhat exceptional: The line bundle is then trivial and there is a single section given by a constant function, which clearly is Weyl invariant. The corresponding state (in the theory with gauge group G =Ĝ/C of adjoint type) has trivial electric and magnetic 't Hooft flux (e 1 , e 2 ) = (0, 0) (and of course m 12 = 0). For k = 1, the c = |Λ * /Λ| different functions T τ ψ for ∈ Λ * /Λ are all Weyl invariant. (The theory with adjoint type gauge group is then not defined, so there is no question about electric or magnetic 't Hooft fluxes here.)
For k ≥ 2 things get more interesting. We will content ourselves with discussing the cases whenĜ = SU(n). The root space can then be identified with
with the standard inner product on R n . The root lattice is
and the weight lattice is
(3.52) The Weyl group is given by the group of permutations of the entries of a vector (x 1 , . . . , x n ) ∈ V .
The center subgroup of SU(n) is 53) and is generated by the element
The dual Coxeter number of SU(n) is h = n, so if k = 0 mod n, we may consider the theory with gauge group G = SU(n)/Z n . The states can then be classified by their magnetic 't Hooft flux
and their electric 't Hooft flux are exp(2πie 1 /n) and exp(2πie 2 /n) respectively.) Not all combinations of fluxes are possible, though: Writing n = uv with
the holonomies break the gauge group to a subgroup of a group isomorphic to SU(u). Indeed, a flat connection on a bundle with magnetic 't Hooft flux m 12 ∈ C Z/nZ is specified by two commuting holonomies U 1 and U 2 whose liftsÛ 1 andÛ 2 to SU(n) obey the almost commutation relationŝ
We can construct such holonomies aŝ 
3.1Ĝ = SU(2)
The elements of 1 k Λ * /Λ can be represented by the 2k different
The single non-trivial element of the Weyl group acts on these as Table 1 : States in the SU(2) theory for arbitrary k . In the last line l = 1, . . . , k − 1.
As shown in table 1, there are thus
Weyl invariant ground states, in agreement with (1.17).
If k is even, we may consider the theory with gauge group G = SU(2)/Z 2 SO(3). The above states are then in the sector with trivial magnetic 't Hooft flux m 12 = 0, and may be further characterized by their electric 't Hooft fluxes, i.e. by their eigenvalues e 1 and e 2 under the translations T ( . Finally, 1 2 (k − 1)(k − 2) solutions are given by Weyl sextets (x 1 , x 2 , x 3 ), (x 2 , x 3 , x 1 ), (x 3 , x 1 , x 2 ), (x 3 , x 2 , x 1 ), (x 2 , x 1 , x 3 ), (x 1 , x 3 , x 2 ) (3.82) with all three entries different. The generalization of these results toĜ = SU(n) for a prime number n is straightforward. The cases where n is not prime are more complicated because of the existence of proper subgroups of the center C Z/nZ. For the remaining simply laced groups,Ĝ = Spin(4k+2) for which C Z/4Z should be fairly straightforward, whilê G = Spin(4k) is slightly subtle because of its non-cyclic center C (Z/2Z) 2 . The exceptional groups E 6 , E 7 , E 8 with C Z/3Z, Z/2Z, 1 might present a challenge because of their complicated Weyl groups.
